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§ 1. INT]tODUCTIO~
Let k and n denote natural numbers with k «; n, let K denote a k-set,
and let N denote an n-set . As usual, NK denotes the set of all mappings
of K into N, and we let N K denote the set of all one-to-one mappings
of K into N. This notation is motivated by the facts
(1) INKI = (jNI)IKI and IN KI = (INI)IKI
where (x)o>~ 1, and (xk ·..,-,x(x-l) ... (x-k ,-I) for k= 1,2, ... and all
numbers x.
Let n denote a permutation of N, then n induces a permutation lXk(n )
of NK in a natural way; namely,
(2) lXk(n )/ :=n/, / ENK.
If G is any group of permutations of N, then lXk defines a representation
of G by permutations of NK (that is, (); k(n )lXk(e)( -=lXk(ne)/ for all n , e E G
and all / E NK). Let {lk(n) denote the restriction of lXk(n ) to N K , then it
is easy to check that {3k(n) is a permutation of N K, so {lk defines a repre-
sentation of G by permutations of N K. Let c(n, j) denote the number of
j-cycles of n, then the cycle inventory of n is defined to be
(3) "Z(n: Xl, X2, ... ): = II xt', II.
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For convenience we write Z(n) instead of Z(n: Xl, X2, ••. ).
In this note we will derive an explicit formula for Z(iXk(n)) in terms of
c(n, 1), c(n, 2), ... for k= 1,2, ... , and then express Z(fh(n)) as a product
of powers of the cycle inventories Z(lXl(n)), .. ., Z(lXk(n)). In this way we
obtain an explicit formula for Z({lk(n)) in terms of c(n, I}, c(n, 2), .
Actually, the problem of expressing Z({lk(n)) in terms of c(n, I}, c(n, 2), ..
is solved implicitly in [1]; of course, our approach here is different. How-
ever, we begin by showing the relevance of [1].
Let K, N, and N K be defined as before, and let G and II denote permu-
tation groups acting on Nand K, respectively. Two clements [, g E N K
are defined to be II-equivalent if there exists an element 0 E H such that
(4)
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10 = g; let N K/H denote the set of classes of H -equivalent mappings. An
element nEG induces a permutation rll(n) of N K/H in a natural way:
rll(n) sends the equivalence class IH (fH: = {Ie: 0 E H}, lENK) into the
equivalence class (nf)H. The main result proved in [1] (see Theorem 3,
page 5) is a formula for the exponent of Xi in the cycle inventory of rll(n);
namely,
c(rll(n),j)= . 11HI I flU/d)! IT hclB.hl ( I iC(n,i)/h)
J ali BEll h-l i clB hl
h(a. il -i •
where It denotes the Mobius function. If H consists of the identity permu-
tation only, rH(n) = f3k(n), and (4) simplifies considerably:
(5) c(fh(n),j) = ~ ! fl(j/d) (4 ic(n, i)) .
J tlIi ila k
Now (5) can be used to express Z(f3k(n)) in terms of c(n, 1), c(n, 2), ... ,
so the problem we set out to solve can be treated in this way.
I would like to thank N. G. de Bruijn for his help in the preparation
of this note; he suggested the notation used in the proof of Lemma 1,
and he helped prove the identity which appears in the final section.
§ 2. AN AI.TERNATIVE METHOD
Again we let K and N denote finite sets with IKI=k, INI =n, and
k c n ; also, just as before, NK and N K denote the set of all mappings of
Kinta N and the set of all one-to-one mappings of J( into N respectively.
A permutation tm of N induces in a natural way permutations 1Xk(n) and
f3k(n) of NK and N K respectively (see (2) above). Let [a, b, ... Jdenote the
least common multiple of numbers a, b, ... , and define <a, b, ... ): =
=ab ... /[a, b, ... J.
Lemma 1: Under the foregoing definitions we have
(6) Z( ()) -II (il·····ik>el".i1)· .. cl".ikl1Xk n - X[il' ...• ikJ
where the index of the product extends over all k-tuples of numbers
il, ... , i k such that c(n, ill, ... , c(n, ik) oF O.
Pro of: First, we introduce some convenient notation. Let (} denote
a permutation of a set R, suppose r E R, and let d((}, r) denote the length
of the cycle of (} which contains r; that is, d((}, r) denotes the smallest
natural number j such that ei(r)=r. Using this notation, the cycle inven-
tory of e can be expressed as follows:
(7) Z( ) - II l/<ll~.r)'-' e - xa(~.r)·
rER
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Let K = {I, ... , k}, then we can view 1E NK as a k-tuple of elements
selected from N, namely, the k-tuple (/(1), ... , I(k)). Also, lXk(n) permutes
k-tuples of elements selected from N according to the rule
lXk(n)(/(I), ... , I(k)): = (nl(I), ... , nl(k)).
Now observe that if nl, ... , nk E N, then
(8)
Hence,
(9)
and this completes the proof.
Lemma 2: Let Xl, , X k denote non-zero elements of a field, and
define field elements Y1, , Y k as follows:
(10)
t
Y t:= II Xf(t,i), for t=I, ... ,k,
i= 1
where S(t, i) denotes the Stirling number of the second kind. Under these
conditions we have
(11)
t
Xt=II Yt(t.i), for t=I, ... ,k,
i~ 1
where s(t, i) denotes the Stirling number of the first kind.
Proof:
(12)
because
(13)
Using the definition of Y i we have
I
t t (i )8(t. i)II Yf<t, i ) = II II X~(i,i)
i-I i=1 i=1
t
= II Xl:8(t.ilSli,il=Xt ,
i= 1
LS(t,j)S(j,i)={I, if ':':
i 0, otherwise.
(A proof of this fundamental property of the Stirling numbers appears,
for example, in RIORDAN [2], page 34.) This completes the proof.
Now we prove the main result of this note.
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Theorem: Under the foregoing definitions we have
1r
(14) Z({h(n)) = IT (Z(iXt(n)))'(k.il.
(-1
Proof: First, we prove
1r
(15) Z(iXk(n)) = IT (Z(Pt(n)))Slk.il,
i-I
then (14) follows from (15) because of Lemma 2. Define elements f, g E NK
to be R-equivalent whenever f(m)=f(n) if and only if g(m)=g(n) for
m, n E K. Each partition P of K corresponds to a unique equivalence
class Rp of R, and conversely. The correspondence is that f E Rp whenever
f(m) = f(n) if and only if m and n belong to the same block in P.
Now it is clear that the restriction of iXk(n) to R p is a permutation
of Rp for every partition P of K. Furthermore, if P has exactly i blocks
(that is, IPI = i), then the cycle inventory of iXk(n) restricted to Rp is
equal to the cycle inventory of Pi(n). Finally, the number of partitions
of K into exactly i blocks is S(k, i), so if J>i(K) denotes the set of all
partitions of K into exactly i blocks, then
(16)
1r
Z(iXk(n)) = IT IT Z(pi(n)),
i-I PIPilKl
ami (15) follows from (16). This completes the proof.
§ 3. AN IDENTITY
We can combine (6) and (14), and determine the exponent of Xj to find
that
(17)
where the index of summation in the second sum extends over all r-tuples
(il, ... , ir) of natural numbers such that [il, ... , ir]=j. A formula for
c(pk(n), j) is also given in (5), so the expressions in (5) and (17) are equal;
in fact, if we put ic(n, i) = Yt for i = 1, 2, ... , the result is
Now we prove that (18) is an identity in yl, Y2, ....
We can use the Mobius inversion formula to write (18) in an equivalent
form, namely,
(19)
k! s(k, r) ! ! Yh ... Yi,.
,-1 dli [i)•.... i.J-d
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k
(Y)Ic= 2 s(k,r),lJr,
,-I
Recall that
(20)
so
(21)
but
(22)
(2 Yd)dlj Ie
Ie
2 s(k, r) (2 Yd)r,
'-1 dl i
because iI, ..., ir are all divisors of j if and only if [ii' ... , ir] is a divisor
of j. Combining (21) and (22) we obtain (19), hence, (18) is proved for
arbitrary YI, Yz, ....
Technological Univer.9ity, Eindhoven
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